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Abstract

With the exponential increase in amount of data being stored in the cloud, a lot of distributed storage
systems have started moving to erasure coding based storage schemes due to their advantage of provid-
ing the same reliability as replication with a smaller storage overhead. Locally recoverable codes have
started being the defacto code of choice for their ability to correct a small number of erasures by only
accessing a small number of other coordinates.

Maximally recoverable codes are a class of codes which recover from all potentially recoverable
erasure patterns given the locality constraints of the code. In earlier works, these codes have been
studied in the context of codes with locality. The notion of locality has been extended to hierarchical
locality, which allows for locality to gradually increase in levels with the increase in the number of
erasures. We consider the locality constraints imposed by codes with two-level hierarchical locality and
define maximally recoverable codes with data-local and local hierarchical locality.

We derive certain properties related to their punctured codes and minimum distance. We give a
procedure to construct hierarchical data-local MRCs from hierarchical local MRCs. We then provide a
construction of hierarchical local MRCs for all parameters. We then provide an alternate construction
using tensor product codes that construct the code in a smaller field. This construction works for a
restricted set of parameters.

Research shows that the most commonly deployed LRCs have low number of global parities. Hence,
we then consider three cases, with a small (and sometimes fixed) number of global and mid-level parities

and provide a separate construction for them. These constructions use smaller fields still.
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Chapter 1

Introduction

Almost any storage system that intends to store large amounts of data adds some form of redundancy
to ensure the reliability of data against node failures (also termed as erasures). The easiest solution is
to store exact copies of all the data (replication). This scheme, however, imposes a heavy cost at scale.

Even a simple 2z-replication will require double the storage just to tolerate upto one erasure.

Alternatively, one can opt to use erasure coding. In this scenario, the data is partitioned into k data
symbols. Subsequently, using an erasure code, h redundancy symbols are computed as distinct linear
combinations of few or all of the k£ data symbols. Each of the k£ + h symbols are stored in a separate
node. This can lead to a huge savings on storage. One has, to ensure reliability against the erasure of
one symbol, add only one extra symbol. This scales really well with the number of data symbols. Only
one extra symbols is required to ensure reliability against a single erasure irrespective of the value of k.
Compare this with replication which scales linearly with k. Erasure codes [38]] ensure that data can be
recovered if a limited number of symbols are erased. If the code can recover from any h erasures, the
code is called an MDS code. The figure[I.1|shows an MDS code with k£ = 4 and h = 2. This code can

recover from the erasure of any two symbols.

m ms ms my hy hs

Figure 1.1: Erasure code with k =4 and h = 2

MDS erasure codes suffer from one problem though; that of repair bandwidth. Repair bandwidth
refers to the amount of data that needs to be downloaded into a new node to replace a failed node.
Typically, since the h redundant symbols depend on all £ data symbols, & symbols need to be accessed
for any kind of repair. But this system doesn’t take into account the fact that single erasure is a lof more
common than multiple erasures. Hence it makes sense to optimise repair for small number of erasures.
MBDS erasure codes as described above require you to access all k£ symbols, be it a single erasure or of
all h symbols. The figure shows the repair process for a single failure of code in
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Figure 1.2: Repair for MDS erasure codes

To work around this problem, locality and Locally Recoverable Codes (LRCs) were introduced in
[18]]. We say that a certain symbol in a code has locality r if the erasure of that symbol can be recovered
by accessing at-most r other symbols. One way of having faster repairs is to have r < k. In recent
years, LRCs have emerged to be the erasure codes of choice for large scale systems. Notable users
include Microsoft and Hadoop [49] In LRCs, encoding happen in two distinct phases. In the first
phase, h global parity symbols are added to k£ data symbols. Each global parity is a linear combination
of all £ symbols. In the next phase, these k + h symbols are partitioned into groups of size r and another
parity symbol (more generally, § parity symbols) depending only on the elements of the group is added
to each group. This ensures that a single erasure (4 erasures in a general case) can be recovered by only
accessing  other symbols in the same group. We show an example of such an erasure code in[I.3|for the
case of & = 1. The local groups are also highlighted. Repair for a single erasure is also shown in[T.4]for
the same. For more erasures we have the h global parities and then need to be recovered by accessing

all £ symbols.
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Figure 1.3: Locally Recoverable Code with k =4, h =2,r =3and§ =1
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Figure 1.4: Repairing a single erasure

We haven’t yet fully defined LRCs yet. Currently, we have only fixed the topology of the codes
by specifying for all parity symbols, the other symbols they depend on. We will have to specify the
coefficients in global parity symbols. Different choices for the coefficients will lead to codes with
different erasure correction capabilities. The best case scenario is that the chosen coefficients ensure
that all erasures that are information theoretically recoverable for the topology can be recovered from.
Such codes are possible and are called Maximally Recoverable (MR) [[10].

Now, with the topology of LRCs, for the first § erasures, we can recover by accessing only 7 other
symbols. But if we have even one more erasure, we will need to access all £k symbols to recover. This
is shown for the previous example in figure where repairing two erasures requires k£ = 4 symbols.
This abrupt jump from 7 to k£ can be considered excessive compared to the increase in the number of

erasures.

We wanted to have a more fine grained control on the increase of locality with number of erasures.
Such codes can be constructed and are called codes with hierarchical locality and are the subject of
this thesis. These codes are created by extending LRCs themselves. Each r-sized groups from the
LRC discussion (and the associated ¢ parities) is taken and split into sub-groups of size ' < r and for
each sub-group, a parity (or more generally, &’ parities) is added. In this case, one (¢') erasure can be
corrected by accessing 7’ symbols. The next erasure however can be corrected by accessing r symbols.
Even further erasures can be corrected by accessing all k& symbols. This gradual increase from r’ to r

and then finally to & is what we were looking for.

We show a concrete example in figure [I.6] which extends the LRC in figure [I.3] The initial groups
are denoted by the solid box while the sub-groups within it by the dotted box. This is an example of
two-level hierarchical local code. In this text, we consider only such codes but we motivate the problem
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Figure 1.5: Abrupt increase in locality
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Figure 1.6: Hierarchical Local Code with 7/ = 2 and ¢’ = 1

for higher levels of locality. We provide explicit constructions for two-level hierarchical local codes and

prove that our constructions ensure that the code is also maximally recoverable.

Without explicit constructions, one is left to search for coefficients in a small field and verify that
they satisfy the MR property. This process is prohibitively expensive even for small parameter sets. It
is however shown that random searches work with high probability over very large fields.

Mathematically, all encoding/decoding operations in erasure codes involve matrix multiplication and
solving linear equations. These, in turn, are comprised of numerous finite field arithmetic operations.
Therefore, it makes sense to define these codes in fields as small as possible so as to speed up en-
coding/decoding operations. To this end, we define an alternate construction for general MRCs with
hierarchical locality based on tensor product codes that work on smaller fields (and a restricted set of
parameters). It is also desirable to have fields of characteristic 2 so that it aligns naturally with the

storage primitives on modern disks/SSDs.



We know that most LRCs deployed in practice only have a very small number of global parities
typically two or three [27]. Hence we particularly consider these special cases in our work. We provide
an alternate construction for these cases that can be constructed in a smaller field. All these constructions
satisfy the MR property as well.

Maximally Recoverable Codes with hierarchical locality are also referred as Hierarchical Local
MRCs (HLMRCs).

1.1 Organisation

This work is organised into five chapters.

This chapter (Chapter [I) introduces the topic and gives background on the everything that will be
presented later.

Chapter 2] intends to present work has already been done on topics related to our work. This includes
locally recoverable codes, hierarchical local codes and regenerating codes.

In chapter [3] we define and construct Maximally Recoverable codes with hierarchical locality. We
also provide conditions under which such these constructions would be maximally recoverable. We also
provide and explain some lemmas that were useful in the proofs provided.

Chapter ] extends the previous chapter by providing an alternate construction for these codes (based
on tensor product codes) which allows us to construct the code in a smaller field and a restricted pa-
rameter set. In addition, it also provides three more constructions for hierarchical local MRCs for low
number of global parities.

Finally, chapter [5] concludes the results presented in the previous chapters and alludes to some cur-

rently open problems in the field that can later be tackled.

1.2 Notation

We use the following notations,

* For any integer n, [n] = {1,2,3,...,n}.

s Forany E C [n], E = [n] — E.
* For any [n, k] code and E' C [n], C|g refers to the punctured code obtained by restricting C' to

the coordinates in E.

 For any m x n matrix H and E' C [n], H|g is an m X |F| matrix formed by restricting H to the

columns in F.

E)

* For any m x n matrix H and E C [m], H®) is an |E| x n matrix formed by restricting H to the

rows in F.



« For any matrix H, H” refers to its transpose.

* For a vector x, Supp(x) denotes the set {z; : x; # 0}.

* For a code C, Supp(C) denotes all the non-zero symbols of C'.

* [, denotes a finite field of size ¢q. Given that, F,m denotes an Extension Field of I, of degree m.

Also, in several definitions to follow, we implicitly assume certain divisibility conditions that will be
clear from the context.



Chapter 2

Related Work

2.1 Codes with locality

Research on codes with locality began with the need for better access efficiency. Although the term
‘locality’ wasn’t used, Codes with locality were first discussed on [26] by Huang et al. and [23]] by Han
et al. and later on by Chen et al. in [10].

Huang called them Pyramid Codes while Chen called them multi-protection group (MPG) codes.

Pyramid Codes can be generated from any pre-existing (preferably MDS) code. The data symbols
of the code is partitioned into disjoint groups. Then, redundant symbols are added to each group by
projecting some of the redundant symbols from the original code to each of the groups. It is these new
redundant symbols that provide the ‘locality’ aspect to the code.

For MPG codes, protection groups, each made up of a subset of the data symbols, were defined.
Then, parity symbols were defined for each protection group by using symbols only from that group.
Thus, locality was achieved at a protection group level.

It was only in [18] by Gopalan et al. where locality is formally defined. For any symbol ¢; € C,
locality is defined as the smallest number r such that c; is a linear combination of  other symbols in C'
The code symbol is said to have r-locality. A code is then said to have r-information locality if all data
symbols have locality r.

An extension to handle multiple erasures have been by Kamath et al. in [30].

Definition 1 ((r, £)-Locality [30]). For a code C, a symbol ¢; € C has an (r, €) locality if there exists a

punctured code C; such that,
* ¢; € Supp(C)
o |Supp(Cy)| <r+e—1, and

® dmm(Cz) > €



Note that the papers above talked about locality for the data-symbols and not for all the symbols in
the code. We say that an [n, k, d] code is said to have (r, ) information locality, if £ data symbols have
(r,€) locality. Similar to this, the code has an (r, ) all symbol locality if all the n symbols have (r, ¢)
locality. Definitions for local and data-local codes were given in [17] in terms of the type (global or
local) and the number of parities added to the data instead of the distance of the punctured code. They
defined these codes for a single local parity but we extend it to any number.

Definition 2 (Data Local Code). Let C be a systematic [n, k, dpin| code. We say that C'is an [k, T, h, 0]

data-local code if the following conditions are satisfied,
. r\kandn:k—i-éé—i-h
e Data symbols are partitioned into % local groups of size r. For each such group, there are § local
parity symbols.
» The remaining h global parity symbols may depend on all k symbols.

Definition 3 (Local Code). Let C be a systematic [n, k, dyipn] code. We say that C'is an [k, r, h, §] local

code if the following conditions are satisfied,
s 7|(k+h)andn =k + Eths 4+ n

o There are k data symbols and h global parity symbols where each global parity may depend on

all data symbols.

* These k + h symbols are partitioned into @ local groups of size r. For each such group, there

are ¢ local parity symbols.

Figure 2.1 shows an example Irc with k =4, r =3, h =2and § = 1.

h ma i3 ma f‘!] hg
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Figure 2.1: A [4, 3,2, 1] Local Code

The works of [40, 23] investigated all-symbol locality. Oggier ef al. in [40] call these self-repairing
codes. These codes are same as Local Codes albeit defined differently. These code definitions are based



on linearized polynomials over a binary field. Similarly, Han ef al. in [23] talk of local codes in the
context of memory protected by erasure codes. They partition a memory ‘line’ into ‘sub-lines’ each
protected by local codes. The ‘line’ itself has global parities similar to above definition.

With the exception of MPG codes, all the codes we have considered above only talk about codes
with each subgroup having the same locality. But, depending on the application, we would want some
subgroups to have a smaller locality than others because they contain hot data. Kadhe et al. in [28]] called
them, unsurprisingly, codes with unequal locality and actually show that the construction of Pyramid
Codes can be adapted to allow for unequal locality.

To add another level to this, [8, [32] independently investigated codes with different localities and
different number of global parities. Both of them define such codes in terms of (r;,¢;) code. Each
subgroup had its own locality (r;) and minimum distance (g;) associated with them. [8] added an
additional constraint for each sub-group to be disjoint but [32]] posed no such restriction.

For LRCs in general, simple block codes are extended to provide the final code. But there are
some other constructions are derived from various special kinds of codes. Some of those are based on
Maximum Rank Distance code [46] while some are based on generic Reed-Solomon codes [56].

A few cyclic codes have also been constructed that are also locally recoverable. The first construc-
tions appeared in [19]. This work is further extended in [55]] where the authors provide constructions of
codes with O(n) field size. This code also achieves the singleton bound. In addition to this, they study
the locality of sub-field subcodes. On the other hand, [35] investigates the use of locality to improve the
complexity for decoding a cyclic code.

The concept of locally recoverable codes was extended to non-linear codes as well. Papiliopoulos
et al. [41] also provides such constructions with all symbol locality. [14] on the other hand, provides

constructions only for information symbol locality.

2.1.1 Bounds on LRCs

Over time, a lot of bounds have been given on the structure of LRCs. These bounds extend from
those on the minimum field size of the code symbols to those on the parameters of the code itself.
Almost every different type of code construction provided above has a singleton like bound associated
with it.

The first actual bound on the minimum distance of the code were discussed by Gopalan et al. in [[18]].
They provided a singleton like bound on the parameters of the code. Although Gopalan provided the
bound for a single local parity, the work of Kamath et al. in [29] extended that to any number of local
parities.

For an [n, k, d] code with (7, ¢) information locality, the parameters are related as follows,

dmmgn—kﬂ—qﬂ—l)(a—l). 2.1)

r

A code achieving this bound is called an optimal LRC. Gopalan [18]] also showed that for their con-
structions, an optimal code’s topology is similar to our codes. An important class of codes that achieve



this bound was given by Tamo et al. in [S3]. They are generally referred to in literature as Tamo-Barg
codes. Another feature of these constructions is that they require an O(n) field size.

The above result is only valid for linear codes. An analogous result for € = 2 and non linear codes
are available in [41] and [14]. Another extension, this time to codes with vector alphabets, can be found
in [52]]. Note that these bounds are independent of the field size.

Contrary to above, [6] takes into account the size of the field and provides a tighter bound on the
dimension of a local code. This result is even valid for non-linear code. Similar bounds also exist for
cyclic LRCs as well. A Linear Programming based upper bound on the size of the code appears in [55]].
Other results exist in [19] and [59]].

Some research also provides a bound on the asymptotic rate of of code. An asymptotic Gilbert-
Varshamov type lower bound for LRC is given in [54]. The constructions provided in [6] achieves this
bound and for some select parameters. For a large enough field size, the authors of [36] provide a better

bound than the one in [54]. They also prove that codes exist which meet their new bound.

2.2 Maximal Recoverability

Maximum Recoverability refers to the property of a code wherein all the erasures that should be
information theoretically correctable can actually be corrected by the code. Various code construc-
tions mentioned above also prove Maximal Recoverability(MR) under various conditions. For example,
Huang et al. in [26]] provided necessary conditions for a Pyramid Code to be MR. When the underlying
code was an MDS one, this condition also become sufficient. The MR property was studied in MPG
codes and various conditions (alphabet size and otherwise) were specified for a given code to be MR.

It is important to note that an optimal LRC is different from an MR LRC. Maximal Recoverability
is a stronger condition to fulfill than ‘optimality’. An MR LRC is optimal as well as recovers from all
erasures that are information theoretically recoverable. An ‘optimal’ LRC isn’t guaranteed to do so.

Maximally recoverable codes with locality are also known in literature as Partial-MDS (PMDS)
codes. MRCs have been studied in the context of distributed storage systems and PMDS codes in the
context of Solid State Drives. Although their definitions differ, both of them refer to the same thing.

Most of the previous literature studied the MR property as an extension to their previous construc-
tions under restricted settings. Explicit constructions of were initially provided by Blaum et al. in [4]
and [3]] which worked for a small number of global parities (h = 1,2) and a single local parity. This
work was extended in [S]] which provides the same solution for two local parities. This work was ex-
tended by Chen in [9] that provided constructions for (h = 3). In addition to this, Blaum in [4] also
provided a solution that used a computer search to look for coefficients that satisfied the property.Finally,
the work of Chen in MPG codes also proved that one can construct MRCs by picking the coefficients
for global parities from a large enough field.

The first explicit constructions for MRCs for any parameters was provided in [17]. These codes

also had the advantage of working over a much smaller field than the ones formed by randomly picking
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coefficients or a computer search. These codes worked on smaller field still in case of low global parities.

They also provided the formal definition for MR property which we also use in our work.

Definition 4 (Maximum Recoverability). A [k, 7, h, §] local code (or data-local code) is also an MRC if
for every E C [n] such that E is obtained by picking 0 coordinates from each of the local groups, C| 5
yields an [k + h, k] MDS code.

Figure[2.2] shows the criteria for code in figure [2.1]to be maximally recoverable.

=X [+ X

pP1 P2

Figure 2.2: Puncture § = 1 points per local code. The remaining code should be MDS

[k, r, h,d] local MRC is optimum with respect to minimum distance bound in (2.I). The minimum
distance of a [k, 7, h, 6] local MRC is given by

dnin = h+ 6+ 1+ [%J 5. 2.2)
This is obtained by replacing the value of n in equation (2.1]) from the one in definition[3]and € = § + 1.

This work was later extended by other people. [7] also provided a general construction using sum-
rank codes and linearized polynomials. Gabrys et al. in [15] improved Gopalan’s work [[17] by providing
constructions in a smaller field. Other works include [42] which study only data local MRCs while
[24) 21]] study codes in small field sizes but can only correct a single local erasure.

The first lower bound on field size of MR codes in any topology was given in [16] and was continued
in [31] and then in [20]].

2.3 Hierarchical Locality

Hierarchical Codes were first discussed in [13] in the context of peer-to-peer networks. In such
networks, nodes leaving and joining is considered business as usual and happens a lot more often than
in the case of distributed storage. Hence, vanilla erasure coding algorithms are quite inefficient in terms
of bandwidth used because every time a node leaves, all k& data symbols will need to be transferred
to reconstruct a lost piece. Hence Hierarchical Codes were discussed as a means of reducing repair

bandwidth. They validated their work by taking real network traces from PlanetLab and KAD networks.

11



The first theoretical study of a Hierarchical Code topology was undertaken in the work of Sasidharan
et al. in [48]. They first defined the notion of Hierarchical Code and provided a bound on minimum
distance for such a code. These will be discussed in upcoming chapters. In addition to that they provided
explicit constructions for local and data local hierarchical codes. The all-symbol local constructions
involved finding a working polynomial field which contained message polynomials and evaluating them
at appropriate points. The data symbol code hierarchical code, on the other hand, involved partitioning
the parity symbols for a regular erasure code. These codes are optimal under certain parameter sets. In
addition to this, separate constructions are provided in [[1] by Ballentine et al.. These codes use covering
maps on algebraic curves to generate codes. These codes are also optimal under certain conditions.

As far as we are aware of, our work [39]] is the only work that discusses Hierarchical Codes in the
context of their Maximal Recoverability Property. We provide explicit constructions for code Hierarchi-
cal MRCs and provide a code in smaller field size in case of low global parities. In an independent and
parallel work by Martinez-Penas et al. [37], a class of MRCs called multi-layer MRCs have been intro-
duced. Our work on Hierarchical local MRCs can be considered to form a subclass of these multi-layer

MRC:s. The field size bounds provided in both the papers is also analogous.

2.4 Regenerating Codes

Regenerating Codes represent an entire different way to optimise the repair for common failure
scenarios. Instead of downloading data from a smaller number of nodes, regenerating codes aim to
download a smaller amount of data from various nodes thereby reducing the repair bandwidth all the
while retaining the properties of MDS codes. There are two principal classes of such codes, MBR and
MSR codes representing the two extremes of the trade-off known as storage-repair bandwidth (SRB)
tradeoff [12]].

A Minimum Storage Regenerating (MSR) code aims to minimise the number of code symbols that
need to be stored in a single node. These code have received a lot of attention due them being MDS
codes and the fact that the storage overhead can be minimised as much as desired. Shah et al. in [50]
talk about Interference Alignment and how they are necessary in exact-repair MSR codes. They also
use IA techniques to construct MSR codes. The product matrix framework is introduced in [44] and
provides constructions for some sets of parameters.

A Minimum Bandwidth Regenerating (MBR) code aims to minimise the amount of data transferred
between nodes during repair. The first constructions of explicit MBR codes was provided in [43]].
The product matrix construction from [44] provides the second, general construction of such codes.
Construction for codes that asymptotically reach the MSR or MBR point as k increases is provided in

[45]]. These codes can be constructed over any field size given that the file-size is large enough.

This naturally leads to the question of whether LRCs can be made of regenerating codes which

benefit from both the small repair degree for LRCs and the low repair bandwidth for regenerating codes.

12



The Locally Regenerating Codes independently introduced in [30] and [46] answer the question in
affirmative. These codes can be viewed as LRCs but the local codes are actually regenerating codes.
Some other interesting works aimed at reducing the repair bandwidth of MDS codes. These tech-
niques rely on viewing scalar symbols of an MDS code as a vectors with entries in a sub-field. This line
of work began with the work of Shanmugam et al. in [51] who showed the existence of an improved
repair scheme for systematic MDS codes with only two parities. One of the more interesting work is on
Generalised Reed Solomon codes by Guruswami et al. [22] for all symbol repair. They used techniques
of polynomial interpolation to bring down the repair bandwidth for a single erasure to the order of num-
ber of data symbols. Following this, [[11] addresses bandwidth efficient repair of Reed Solomon codes

from multiple erasures. This result is extended to include general MDS codes in [2]].

2.5 Codes in Practice

A lot of these codes have been implemented in practice too. The work of [27]] investigated how LRCs
have been implemented in Windows Azure Storage which uses both an erasure code (for cold data) and
3-replication (for hot data). Similarly in [49], the authors provide an LRC for the Hadoop File System
that can locally repair a single erasure. They have also released a module implementing the same.

HDFS implementation of a class of array MDS codes called HashTag codes have been discussed
in [33]. These codes are designed for efficient repair of systematic codes and allows for low sub-
packetization levels at the cost of higher repair bandwidth. The theoretical foundations for these codes
were presented in [34]).

One of the first works that investigated performance of regenerating codes is NCCloud [25]. This
was built on top of a functional MSR code with two parities. Ceph is a popular distributed block and
object store. Ceph has various erasure codes builtin that provided different levels of reliability. Codes
include vanilla reed solomon codes as well as LRCs. In addition to that, they have one implementation
of a regenerating code by Vajha et al. [S7]]. In this work, the authors create a regenerating code by using
‘pairwise coupling across multiple stacked layers of any single MDS code’. These codes happen to be
the first practical implementation of regenerating codes that are optimal, have uniform repair for data or

parity symbols and can repair multiple erasures.
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Chapter 3

Codes with Hierarchical Locality

In this chapter, we define and look at the properties of codes with hierarchical locality. We narrow
down on MRCs with hierarchical locality and provide a general construction for them. We provide
requirements for our construction to be a MRC with hierarchical locality. In the final section, we provide
values that satisfy those requirements using BCH codes.

The concept of locality has been extended to hierarchical locality in [48]. In the case of (r,¢)
locality, if there are more than € — 1 erasures, then the code offers no locality. In the case of codes with
hierarchical locality, the locality constraints are such that with the increase in the number of erasures, the

locality increases in steps. The following is the definition of code with two-level hierarchical locality.

Definition 5. An [n, k,dpn| linear code C is a code with hierarchical locality having parameters
[(r1,€1), (r2,€2)] if for every symbol ¢;, 1 < i < n, there exists a punctured code C; such that

¢; € Supp(C;) and the following conditions hold,
o |Supp(Ci)| <ri1+e1—1
* dmin(C;) > €1 and

* C; is a code with (ry, £2) locality.

An upper bound on the minimum distance of a code with two-level hierarchical locality is given by

dgn—k+1—([£-‘—1)(52—1)—([£-‘—1)(51—52). 3.1)

T9 T1

We also redefine hierarchical local codes very similar to how [[17] defines codes with locality. We

also provide conditions for maximal recoverability

Definition 6 (Hierarchical Data Local Code). We define a [k,r1, 12, h1, ha, 0] hierarchical data local
(HDL) code of lengthn = k + hy + %(hg + 110) as follows:
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e The code symbols cy, . . ., c, satisfy hy global parities given by

Zuy)c]' = 0, 1 S 4 S h1
7j=1

e The first n — hy code symbols are partitioned into t| = % groups A;,1 < i < t1 such that
|Ai| = r1+ ho + 16 = ni1. The code symbols in the i™" group, 1 < i < t1 satisfy the following

ho mid-level parities

n1
sz(?c(ifl)nﬂrj =0, 1<l<hy
J=1

e The first nq — ha code symbols of the i'™ group, 1 < i < t are partitioned into ty = % groups
Big,1 <i<t,1 <s < tysuchthat |B;s| = ra + 0 = ng. The code symbols in the (,5)™
group, 1 < i < t1,1 < s <ty satisfy the following 6 local parities

n2

l
Zwl(vs)yjc(i—l)n1+(s—1)n2+j =0, 1</<)
=1

Definition 7 (Hierarchical Local Code). We define a [k, 11,12, h1, ha, 0] hierarchical local (HL) code

of lengthn =k + hy + k;’flhl (ha + Tl;ghQ d) as follows:
e The code symbols cy, . . ., ¢, satisfy hy global parities given by
n
Zuy)cj = 0, 1 < 4 < hl
j=1

The figure[3.1] shows an example of such a code.

e The n code symbols are partitioned into t| = k‘:—lhl groups A;,1 < i < ty such that |A;| =
r1 + ho + %(5 = n1. The code symbols in the ith group, 1 < 1 <ty satisfy the following hs

mid-level parities

ni
ngé‘)c(ifl)nﬁrj =0, 1<l<ho
J=1

Figure[3.2|shows how this partition can be made.
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 The ny code symbols of the i group, 1 < i < t| are partitioned into t, =

Bis,1 <i < t1,1 < s <ty such that |B; s| = 12 + 6 = na. The code symbols in the (i, s)™

group, 1 < i <t1,1 < s <ty satisfy the following 6 local parities

Figure[3.3|shows a local code for a mid-level partition.

n2

L
Zwl(vs)»jc(i—l)n1+(s—1)n2+j =0, 1</4<9
j=1

Cl1 ||C2||C3||C4 Co ||C10]|C11||C12
C51|C6 ||C7 ||C8 C13|(|C14 || C15||C16
C17||C18 | C19||C20
C21]|C22||C23||C24

Figure 3.1: A [9,4, 3, 3,2, 1] code. All symbols satisfy h; = 3 parities

Mid-Level Code

Figure 3.2: All symbols are partitioned into ¢; = 3 groups each satisfying ho = 2 mid-level parities.

Example 1. We demonstrate the structure of the parity check matrix for an [k = 5,71 = 3,79 = 2, h; =

1,hg = 1,6 = 2| HL code. The length of the code isn = k + hy + k%lhl(hz + %5) = 16. The

16

cillcr|lcs||Ca Co [|C10||C11]|C12

C5|1C6 ||C7 ||C8 C13(|C14 || C15||C16
C17||C18(| €19/ |C20
C21||C22||C23||C24

. gTOups




Local Code

Ci1||Ca||C3||C4 Co [|C10]|C11||C12

C5||C6 ||C7 ||C8 C13||C14 || C15||C16

C17|1€C181| €19/ |C20

C21/|C221|C23||C24

Figure 3.3: A mid-level code is partitioned into to = 2 groups each satisfying § = 1 parities

parity check matrix of the code is given below:

M1
M o
N
H = My 4
Ms o
N
P
1) 1) 1) 1)
M= |V Wig2 Wigs Wija
M e @ @]
,5,1 1,3,2 1,7,3 4,3,4
_ [« 1 1
Ni—[vzﬁf oy v;g}
PZ[ugl) ugé)}

In this example, sub-matrix P denotes the global parity condition. The code is partitioned into t; = 2
groups and mid-level parities are added. This is denoted by the matrices N;, © = 1,2 for each group.
Each mid-level group is then partitioned into to = 2 groups and § = 2 local parities are added. This is

denoted by the matrices M; ;, 1,5 = 1,2

Definition 8 (Maximum Recoverability). Let C be a [k,r1, 19, h1, ha,d] HDL/HL code. Then C is

maximally recoverable if for any set E C [n] such that

17



. ‘E|:k‘—|—h1,

* |[ENBis| <r2Vi,sand

d ‘EﬂAz‘ :T1Vi,

the punctured code C|g is a [k + h1, k, hy + 1] MDS code.

Figure [3.4 shows one such E.

ci|[e2 | el [[D[cro][cn1] [ DE]
SR | o]
o17) XK
e [3€) (362

Figure 3.4: MR condition for a [9, 4, 3, 3, 2, 1] code. The remaining symbols form a MDS code

Theorem 3.0.1. The erasure pattern described in Definition[8are all the erasures that are information

theoretically correctible.

Proof: We show the proof for an Hierarchical Local MRC. The proof will remain the same for a data
local one.

Definition [§] means that if we puncture ho coordinates per A; after we puncture § coordinates per
B; s, the leftover code is an MDS one.

18



Assume that some local group can handle one more erasure. Hence the total number of erasures that

the code can handle equals,

k+h h
nerasures =9 < i 1) <T1 i 2) +1 0 erasures per local code and one more
r1 T2
kE+h
+ hg < + 1) (h1 mid level parities)
™
+ h1 (global parities)

k+h +h
:h1+( 1) <h2+rl 2)+1
1 T2

But note that the total redundancy in the code is

k+h h
n—k::h1+< + 1><h2+r1+ 2>+1
1 T2

By our assumption, the code can now recover from more errors that there is redundancy available in
the code. Which is an obvious contradiction,information theoretically. Hence the pattern described by
Definition 8| are the only ones correctible. O

3.1 Properties of MRCs with Hierarchical Locality

In this section, we will derive two properties of MRC with hierarchical locality. We will show that
the middle codes of a HDL/HL-MRC have to be data-local and local MRC respectively. Also, we derive
the minimum distance of HDL MRC.

Lemma 3.1.1. Consider a [k, 11,72, h1,ha,0] HDL-MRC C. Let A;,1 < i < t; be the supports of the
middle codes as defined in Deﬁnition@ Then, for each i, Ca, is a [r1, 72, ha, §] data-local MRC.

Proof: Suppose not. This means that for some 7, the middle code C4, is not a [ry, r2, ho, ] data-
local MRC. By the definition of data-local MRC, we have that there exists a set £y C A; such that
|E1| = 71+ ho and Cg, is not an [y + he, 71, he + 1] MDS code. This implies that there exists a subset
E' C Fj such that |[E’| = 71 and rank(G|g/) < r1. We can extend the set E’ to obtain a set £ C [n],

|E| = k + h; which satisfies the conditions in the definition of HDL-MRC. The resulting punctured
code Cg cannot be MDS since there exists an 7y < k sized subset of E such that rank(G|g/) < r;. O

Lemma 3.1.2. Consider a [k,r1,7r2, h1,h2,d] HL-MRC C. Let A;,1 < i < t1 be the supports of the
middle codes as defined in Deﬁnition@ Then, for each i, C4, is a [r1, 72, he, 6] local MRC.

Proof: Proof is similar to the proof of Lemma[3.1.1] O
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3.1.1 Minimum Distance of HDL-MRC
Lemma 3.1.3. The minimum distance of a [k, r1, 72, h1, he, 8] HDL-MRC is given by d = hy1+ha+d+1.

Proof: Based on the definition of HDL-MRC, it can be seen that the [k, 71,2, h1, ha, 6] HDL-MRC
is a code with hierarchical locality as per Definition [5| with k, 71, ro being the same, 6o — 1 = 6,
6p=ho+déd+1landn=Fk+hi + % (ha + %5 ) Substituting these parameters in the minimum distance
bound in (3.1), we have thatd < hy + hy + 9 + 1.

By Lemma we know that Cy4, is a [r1,72, he, ] data-local MRC. The minimum distance of
Ca, (from (2.2))) is ha + 0 + 1. Thus, the middle code itself can recover from any ha + 0 erasures.
The additional h; erasures can be shown to be extended to a set £ (consisting of k additional non-
erased symbols) which satisfies the conditions in Definition Since, the punctured code C|g is a
[k + hi,k,h1 + 1] MDS code, it can be used to recover the hy erasures. Hence, [k, 71,72, h1, ha, 0]
HDL-MRC can recover from any hj + ho + § erasures. This means thatd > hy + ho + 9 + 1.

Combining the two results we get what we propose in the lemma. 0

3.1.2 Deriving HDL-MRC from HL-MRC

In this section, we give a method to derive any HDL-MRC from a HL-MRC. Assume an [k, r1, 72, h1, ha, d]
HL-MRC C. Consider a particular set F of k 4 h1 symbols satisfying the conditions given in Definition
We will refer to the elements of set E/ as “primary symbols”. By the definition of HL-MRC, the code
C when punctured to E results in a [k + hi, k, h; + 1] MDS code. Hence, any k subset of E forms an
information set. We will refer to the first k£ symbols of F as “data symbols” and the rest h; symbols as
global parities. The symbols in [n] \ F will be referred to as parity symbols (mid-level parities and local
parities) and it can be observed that the parity symbols can be obtained as linear combinations of data

symbols.
® If’l"l | h1 and 2 | h2,

1. For A;, % <1< kt—l}“, drop all the parity symbols, including ho mid-level parities per A;
as well as the 9 local parities per B; ; C A;. As a result, we would be left with hy “primary

k+hq
T1

symbols” in the local groups A;, % <1 < . These form the global parities of the

HDL-MRC. This step ensures that mid-level and local parities formed from global parities
are dropped.

2. Foreach B; ;, 1 < i < %, 5 > %, drop the ¢ local parities. This step ensures that local
parities formed from mid-level parities are dropped.

This results in an [k, 71,72, hi, he, §) HDL-MRC.

o IfT‘l J[hl and ) ‘ hg,
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1. From the groups A;, Lﬁj +1<1< kt—l’”, drop all the parity symbols, including h2 mid-

T1
level parities per A; as well as the ¢ local parities per B; ; C A;.

2. Foreach B; 5, 1 <i < L%J, s> 7%, drop the ¢ local parities.
3. Drop the k — L%Jrl data symbols in A;,i = L%J + 1 and recalculate all the parities (local,
mid-level and global) by setting these data symbols as zero in the linear combinations.

This results in an [| % |71, 71,72, h1, ha, 6] HDL-MRC.

For the case of 73 1 ha, HDL-MRC can be derived from HL-MRC using similar techniques as above.

Hence, in the rest of the chapter, we will discuss the construction of HL-MRC.

3.2 General Construction

In this section, we will present a general construction of [k, r1, 72, hi, he,d] HL-MRC. First, we will
provide the structure of the code and then derive necessary and sufficient conditions for the code to be
HL-MRC. Finally, we will apply a known result of BCH codes to complete the construction.

Definition 9 (k-wise independence). A multiset S C F is k-wise independent over F if for every set

T C S such that |T| < k, T is linearly independent over F

Lemma 3.2.1. Let F: be an extension of Fy. Let a1,az,...,ay, be elements of . The following
matrix ) )
ai as as N Qp,
Y Y R |
k—1 k—1 k—1 k—1
_a'{ al al ... al |
is the generator matrix of a [n, k| MDS code if and only if a1, as, . . . , a,, are k-wise linearly independent
over .
Proof: Directly follows from [15, Lemma 3] U

Construction 3.2.2. The structure of the parity check matrix(H) of a [k,r1,r2, hi, ha, 0] HL-MRC is

given by

Hy

Hy
Hy Hy, ... H|

21



where,

My
My My ... My,

Here, Hy is an (t20 + ha) x ny matrix and H;,1 < i <ty are an hy X ny matrix. Hy is then further
subdivided into M;. My has the dimensions 6 X ng and M;, 1 < i <ty is an ho X no matrix.

Assume q to be a prime power such that ¢ > n, Fgm1 be an extension field of 'y and Fym is an
extension field of Fym1, where my | m.

In this case, the construction is given by the following.

11 1. 1]
0 B g2 ... gl

My= |0 p2 gt .. el |
0 6671 62(671) o 6(671)(n271)

where (3 € F, is a primitive element.

ozi’l 05,572 . Oéim2
q q q
Q; (o . Q;
7,1 ©,2 2,12
Mi = ‘7 .7 . ’
aqh271 aqh271 qh271
L%,1 2,2 i,na |

where i € [to), ai; j € Fgmi, 1 <i<t5,1<j <o

Hi = [Hi,l Hi,g ... Hi,tz}

i1 Nis,2 cee A
g q" g
Hi,s _ 1,8,1 ,5,2 te %,5,19 :
)\qml(hl—l) )\qm1(h1—1) gm™1(h1=1)
L7%,s,1 1,8,2 e 1,8,12 |

where i € [tl],s € [tg], /\i,s,j S qu, 1<i<t,1<s8<19,1 <5< no.
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A (0, hy) erasure pattern is defined by the following two sets:

e A is a three dimensional array of indices with the first dimension ¢ indexing the middle code
and hence 1 < i < t1, the second dimension s indexing the local code and hence 1 < s < .
The third dimension j varies from 1 to § and used to index the § coordinates which are erased in
the (i, s)™ group. Let e € [n] denote the actual index of the erased coordinate in the code and
e € B; s, thenweset A; 5 ; = (e mod ny)+1. A; , is used to denote the vector of ¢ coordinates

which are erased in the (4, s)th group. Ai, s is used to denote the complement of A; ; in the set

[n2].

* I" is a two dimensional array of indices with the first dimension ¢ indexing the middle code and
hence 1 < ¢ < t1. The second dimension j varies from 1 to ho and used to index the additional
hs coordinates which are erased in the i group. Let e € [n] denote the actual index of the erased
coordinate in the code and e € A;, then we set I'; ; = (e mod ny) + 1. I'; is used to denote the
vector of hy coordinates which are erased in the i group. T; is used to denote the complement
of T; in the set [n1] \ (U2, A, ).

We define some matrices and sets based on the parameters of the construction, which will be useful
in proving the subsequent necessary and sufficient condition for the construction to be HL-MRC. Here,

A, , denotes the set {ovj | j € Ay}

Li78 - (MO,Az,s)ilM()’ALS
U = {aga,, tasa Lis, 1 <5<t}
= {iﬂari,ﬂﬂtfi}
= {Q/)i,la v 7wi,h27wi,h2+la ceey ¢i,r1+h2}
The above equalities follow by noting that the U?:lﬁz}s = TI'; UT;. We will refer to the elements in

W, by {1, .., %in,} and those in W; 7. by {1 pyi1, - - -, Vi, 44y }- Consider the following matrix
based on the elements of ¥,

F;y = [Er, Fip,]
i Yia oo WVirithe
q q q
2,1 ©,2 e i,r1+ha
- . . . bJ
gh2-1 gh2-1 gh2-1
i1 9,2 o i,r1+h2
And
¢ = {)‘i,s,ﬁi,s + Ai,S,Ai,sLLS? 1<s< t2}

= {®ir;, &}
= {¢i,17 DR 7¢i,h27 ¢’i,h2+17 ey ¢i,r1+h2}
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Let
Zi = (Filr,) "' Filr,
. Finally, the set
O ={®,p, +Pir,Zi,1 <i<th}

Theorem 3.2.3. The code described in Construction isa[k,r1,72,h1, ha, 6] HL-MRC only if, for

any (9, he) erasure pattern, the following two conditions are satisfied:
1. Each ¥;,1 <1 <ty is ho-wise independent over F.

2. © is hi-wise independent over F ym, .

Proof: By Lemma 3.1.2] we have that C is a HL-MRC only if the C| 4, is a [r1, 72, ha, 6] local MRC.
By the definition of local MRC, a code is a [r1, 72, ha, d] local MRC, if after puncturing ¢ coordinates
in each of the % local groups, the resultant code is [r1 + ha, 71, ho + 1] MDS code.

The puncturing on a set of coordinates in the code is equivalent to shortening on the same set of
coordinates in the dual code. Shortening on a set of coordinates in the dual code can be performed by
zeroing the corresponding coordinates in the parity check matrix by row reduction. To prove that C| 4,
is a[ry,re, he, §] local MRC, we need to show that certain punctured codes are MDS (Definition . We
will equivalently that the shortened codes of the dual code are MDS.

Consider the coordinates corresponding to (i, s)™ group in the parity check matrix. The sub-matrix
of interest in this case is the following:

Mo|a; ., | Mola,,
aS7A’i,S asaéi,s
q q
asyAi,s OZS,AZ',S 5
aqhQ—l oﬂhg_l
L S:Ai,s 8,0 s i

Where ag, N is the vector obtained by taking ¢™ power of each element in the vector. Applying row

reduction to the above matrix, we have

MO|Ai,s MO’AZ s
0 OZS,AZ‘,S + asyAi,sLias
0 (agA,, +asa, Lis)?
ho—1
L 0 | (aya,, tasa, Lis)?"

Note that L; s can be pushed into the power of ¢ since the elements of L; s are in [F,. After row

reducing § coordinates from each of the % local groups in A;, the resultant parity check matrix is
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F;. Applying Lemma F; forms the generator matrix of an MDS code if and only if the set ¥; is
ha-wise independent over [F,. The shortening of the code above is applicable to mid-level parities. Now,
we will apply similar shortening in two steps to global parities. The sub-matrix of interest in this case
is the following:

MO‘ALS M0|A’L K]
aS?AiaS asyAi,s
q q
asti,s aS,Ai,s
ho—1 hog—1
q"? q"2
asti,s aS,Ai s
)\ivsti,S )\i7S,Ai,s
qml )\qml
izsti,s ’i757Ai’s
qﬂn(’n*l) qmlfhlfl)
7’751A’i,s i,S,Ai,s _
Applying row reduction to the above matrix, we have
Mo|a, Mo|a,,
0 Qg A, T s Lis
0 (oA, , +sn,,Lis)?
ho—1
0 (oA, T @s,n,,Lis)
0 )\’L',S,Ai’é» + )\i,s,Ai,sLi,s
mi
0 (Nijs,apy T Aisag, Ligs)
my(hy—1)
L0 (Nsa, T Aisa Lis) |

To apply row reduction again, we consider the following sub-matrix obtained by deleting the zero

. ri+h
columns and aggregating the non-zero columns from the =°=2 groups,
Filr, Filg,
Pir; P, p,
iaFi i,fi
gmi(hi=1) gmi(h1—=1)
L Z',FZ‘ i,Fi -
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Applying row reduction to the above matrix, we have

0 Qi p, + Pir, Zi
0 (@5, + @ir, Zi)1

my (h1—1)

L 0 [ (Pp, + Py, Zi)! |

Note that Z; can be pushed into the power of ¢! since the elements of Z; are in [Fym, . Applying Lemma
[3.2.1] the row reduced matrix above forms the generator matrix of an MDS code if and only if the set ©

is hq-wise independent over Fym . O
Lemma 3.2.4. For any (9, ha) erasure pattern,
e Foreacht, V; = {0457&78 + a&Ai’sLi,S, 1 < s < tg} is ho-wise independent over I, if the set
{og, 1 <5 <y, 1 < j < na}
is (6 + 1)ho-wise independent over F,.
e 0= {(I)Z'Vfi + ®;1,Z;,1 <i < t1}is hy-wise independent over Fym, if the set
Mg 1 <0<, 1 < s <, 1 <j <o}

is (0 + 1)(ho + 1)hi-wise independent over F ym: .

Proof: Since the size of matrix L; s is § X (na —0), each element of ¥; can be a F-linear combination
of at-most ¢ + 1 different o5 j. Consider IF,-linear combination of ho elements in ¥;. The linear
combination will have at most (§ + 1)ho different s j. Thus, if the set {a ;} is (6 + 1)ho-wise
independent over I, then ¥, is ha-wise independent over F,,.

To prove the second part, we note that each element of ®; is a linear combination of at most § + 1
different \; 5 j. Since the size of the matrix Z; is ho X 71, each element of © can be a F,m -linear
combination of at-most (6+1)(ho+1) different \; 5 ;. Consider Fm, -linear combination of /; elements
in ©. The linear combination will have at most (0 +1)(ho+1)hy different \; 5 ;. Thus, if the set {X; 5 ; }
is (6 + 1)(ha + 1)h;-wise independent over [Fym: , then © is hq-wise independent over Fym . O

3.3 Picking Values

We will design the {c ;} and {)\; 5 ;} based on the Lemma so that the field size is minimum
possible. We will pick these based on the following two properties:

26



* Property 1: The columns of parity check matrix of an [n, k, d] linear code over F, can be inter-

preted as n elements over IF - which are (d — 1)-wise linear independent over F,.

* Property 2: There exists [n = ¢' — 1, k, d] BCH codes over F,, [47], where the parameters are

related as

n—k=14+ [q;l(d . 2)} Mog,(n)]. (3.2)

Theorem 3.3.1. The code in Construction isalk,r1,m9, h1, ha, 8] HL-MRC if the parameters are

picked as follows:

1. q is the smallest prime power greater than na.

2. my is chosen based on the following relation:
q—1
m; =1+ ’Vq(((s + 1)h2 — 1)-‘ Dogq(ngtgﬂ.

3. naty elements {as j} over Fymy are set to be the columns of parity check matrix of the BCH code

over I, with parameters [n = gloga(nat2)] _q gllogg(nata)] _ 1y, (0+1)ha +1].

4. m is chosen to be the smallest integer dividing m1 based on the following relation:

mi

m>1+ {q qmj 1((5 +1)(he + 1)hy — 1)1 [log,my (n)].

5. n elements {\; s ;} over Fgm are set to be the columns of parity check matrix of the BCH code

over qul with parameters [n — qml [log my (n)] _ 1, qml [log,m1 (n)] _ 1—m, (5—1— 1)(h2+ 1)h1 + 1]

Proof: The proof follows from Lemma and Properties 1 and 2. |

Example 2. Let o; j € Fgmi with Fymy being an extension of F,. Assume we need 8 values of {cv; ;}
and for them to be 6 wise independent. We will pick «; ; as the columns of the parity check matrix of an
[n, k, d] code.

We know from Property 1 that for a code in F; to have minimum distance d, the columns of the PCM
must be d — 1 wise independent. Hence for this code, we set d = 7.

The columns of the PCM can be considered to be elements € F . that are d — 1-wise independent
inFy. With o; j € Fgmi, we setn — k = m;.

Since we want 8 values of o j we set the value of t = [log,8] so as to have the smallest possible
code as mentioned in Property 1. With this, we now have all the values to fill in equation We do

that to find the value for m.
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Chapter 4

More Optimal Constructions

In the previous chapter we used BCH codes to generate the values that work with the construction.
In this chapter, we describe the erasure correcting properties of tensor product codes and show how
we can use them to generate those values in a much smaller field. We then go on to provide bespoke

constructions for the following configurations of global and mid-level parities:
* 1 Global parity and any number of mid-level parities.
* 1 Global parity and 1 mid-level parity
* 2 Global parities and 1 mid-level parity.

These constructions use even smaller fields.

4.1 Product Constructions

[58] talks about codes that are formed by taking a tensor product of two distinct codes. Such codes
are shown to correct a special class of erasures. We use that to find {c;} and {)\;,;} that satisfy
Theorem [3.2.31

We first define a Tensor Product Code and its error correcting capability.

Definition 10. Ler C be an [n,n — p] linear code in F q Which can correct ey erasures. Also, C3 is an
[m, m — s] code in Fyp that can correct ey erasures. An [nm,nm — sp| code C'in I, is called the tensor

product code of C1 and Cy if
VreCrandy € Co, yax e C

where y @ x is the tensor product of x and y in .

If the parity check matrices for C; and Cs are H; and Hy respectively and they are written as,

2 2

R
=) wl) ... al)| and Hy = | :

(S
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Then the parity check matrix for C' is as follows,

2 1 2 1 2 1 2 1 2 1 2 1
T T T O T T Y TN
H = : : : : : : SCHY)
2 1 2 1 2 1 2 1 2 1 2 1
T ST 1T R N T Y WYY BN

Theorem 4.1.1. C1, Cy and C are as defined above. If the code-words in C are considered to be

consisting of m sub-blocks with each sub-block containing n symbols, C will correct all erasure patterns

where,
* Atmost ea sub-blocks are affected.

* Atmost ey erasures in each affected sub-block.
Proof: For a code C' defined as above, let F be an erasure pattern such that,
* ey sub-blocks are affected. Let the sublocks be k1, ks, . . . ke, .

e There are ey erasures in each affected sub-block. Let the erased coordinates in subblock k; be
lgki) l(ki) lélfi)'

ylg Ty

The sub-matrix H¥) associated with this erasure pattern will be,

@ (1) @ ;) @ ;) @ @ @ 5
AL PR Uy M RS SNN v C PV v Ot SRRS L  W
@ ;) @0 @0 @, @, (1) @,
R PR SO vt I SRR L L

If this matrix is invertible, then the erasure pattern is correctible. This implies that the columns of this
matrix should be linearly independent. Hence,

5216 (1)(k )
e2 el vy 171] K
S aky, : #0, Vai; #0
=1 j=1 (2) 4 (1)
s klh‘l’l;kﬁ
(1)
(2) h'
e hl,kz el l’l;‘m
=51 I 5 ) B P
=1\ ,@ | =1 1)
Svki 1 l(kz)
g

In the above equation, the inner summation is the linear combinations of e; columns of the Parity Check
Matrix for (1. This means that the inner summation is never equal to zero since C; can correct e;
erasures.
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With that, the outer summation becomes the linear combination of e; columns of the PCM for C5.
Hence this sum is not equal to zero as well. Hence, the matrix is invertible and the erasure pattern,
correctable. g

We say that an [nm, nm — sp] tensor product code C' C Fy**™ is an [m, n; ez, e1] erasure correcting
code if it can correct any erasure pattern of the form E = (E1, ..., E,,) where for i € [m] and E; C [n]

and
o {i: E; # 0} <es.

e fori € [m], |E;| <e;.

Theorem 4.1.2. Let Crp be an [ta, na; ha, ho+9] erasure correcting code with ta > hy and ng > ho+4
over B, with redundancy my and the parity check matrix Hrp = (11, - . ., Qg ny) € (Fgm1)?2"2. Then
the set {«; ;j} chosen as columns of Hrp guarantees that V;,1 < i < ty is hy wise independent over
Fy.

Proof: ¥, = {as,Ai .t asn;Lis, 1 < s < to} where s denotes the local group for the mid level
code 7.
We also know that i, &, - and as A, , are vectors of size r and 0 respectively. Hence expanding

them into their component vectors,

Qg Ay = [a5,1’> 7as7r2]
Qs A; ; = [a8,17 7as,6]
Also,
Gs1,1 .- Qsrgl
Li,s =
as1,6 .-+ GQsryf
Therefore,
aS>Ai,s + aS7Ai75Lias = {as7j’1a571 + tt + a/s7j75a876 + a37j/’ 1 g ] g TQ}}
Finally,

Ui = {as 101+ ...+ a5 jo0ss + sy, 1< j<ry, 1 <s<t}

Now, we need to show that this set is hy wise independent. We pick [e;; e2] for the code Crp in such
a way that the o ; in the linear combination of hy elements of W; fall within the correctable erasure
pattern for Crp and hence will be linearly independent.

To do this we consider two distinct edge cases of picking elements for ¥; and combine the results:

1. In this case, we pick elements from distinct local groups (the s parameter for each element is
different). Hence we have hy distinct groups and (6 + 1) «; ; from each group. Hence this pattern

can be corrected by an [t2, no; ho, d + 1] code.
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2. Now we pick elements from the same local group (s parameter remaining same in each ele-
ment). Here note that there are hy + § distinct o ;. Hence, this pattern can be corrected by a
[t2, n2; 1, ha + d] code.

Combining both of these, we can say that an [t2, no; ha, ha + 0] code ensures that U; is ha-wise
independent. U
Now, for C' as an [t, no; he, ho + 0] code, we can also enumerate the constituent codes C and C

whose tensor products will give C.

* Let the first code C; be an [ng,ng — (ha + 9), (he + 6) + 1] MDS code in F,. This implies
ng > (hQ + 5)

* The second code C is an [ta, to — ha, ho + 1] MDS code in F ny+s. Hence, ta > ho.

With this, we know the value of mq = ha(hg + 0).

Theorem 4.1.3. Let Cpp be an [t1,tang; hi, (h1 + h2) (6 + 1)] erasure correcting code with t1 > hy
and tony > (h1 + h2)(0 + 1) over Fymi with redundancy m and the parity check matrix Hrp =
(AL115 -+ My tomg) € (Fgm )22, Then the set {)\; ;j 1.} chosen as columns of Hrp ensures that © is
hi1 wise independent over IFym, .
Proof: We know that,
O ={®;p, +Pir,Z;,1 <i<ti}

and,

(I)i = {)\Ls,Ai’S + )\i,S,Ai’SLi,& 1 S S S t2}
= {®ir;, &5}
= {¢i717 e 7¢i,h27 ¢i,h2+17 ceey ¢i,r1+h2}

Hence, each ¢; ; is a linear combination of J 4 1 distinct \; ; %

Hence, similar to previous proof,
O ={b1,10i1 + .- + b1 Pihy + Pihyto, 1 <1< 1,1 < v <ra}
now, expanding ¢; ;, we get

¢Z’7l = aklyl/\ivslaAi,sz,l +..ot aklv‘s)\ivsl?AiaSzﬁ + )\i’sl’Aivslvkl

applying this expansion in © and following the procedure similar to the last proof, we get the results
mentioned in this theorem. Il

Similar to the previous theorem, we can show, for an [t1,teng; hi, (b1 + h2)(d + 1)] code C, the
constituent codes C and C5 whose tensor product makes C.

31



¢ Let C'1 be an [tzng,tgng — (hl + hg)(5 + 1), (hl + hg)((s + 1) + 1] MDS code in qul where
my = ha(hg + 9). This implies that tong > (hy + h2)(6 + 1).

* Let Cy be an [t1,t; — hy, hy + 1] MDS code in qu1<h1+h2)<5+1>. Hence, t1 > hy.

Then the value of m = myhy(hy + he)(d + 1).

4.2 Construction for h; =1

In this section, we present a construction of HL-MRC for the case when h; = 1 over a field size
lower than that provided by Construction [3.2.2]

Construction 4.2.1. The structure of the parity check matrix for the present construction is the same
as that given in Construction In addition, the matrices My and M;, 1 < 1 < t9 also remain the
same. We modify the matrix H;, 1 <1 <ty as follows:
h h h
R I q'2 q"2
H; = [al,l a9 ...at%m] )

where {as j € Fgmi,1 < s <t9,1 < j < mnay}arechosento be (§ + 1)(ha + 1)-wise independent over
I, based on Theorem 3.3.1]

Theorem 4.2.2. The code C' given by Construction.2.1)is a [k, 1,12, h1 = 1, ho, §] HL-MRC.

Proof: We show that H can be used to correct all erasure patterns defined in Definition [§| From the
definition the code should recover from ¢ erasures per B; ,, ho additional erasures per A; and 1 more
erasure anywhere in the entire code.

Now, with h; = 1, the last erasure can be part of one group. Thus, effectively the code should
recover from hy + 1 erasures per group. Suppose that the last erasure is in the i group. The sub-matrix

of interest for the (7, s)" local group is

Mhls,. | Mols,,
asyAi,s aS,Ai_’S
q q
asaAi,s as,Ai’g
aqhQ—l aqhg—l
sti,s SaAis
N q"2
L SaAi,s 5,0 s |
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Following the proof of Theorem [3.2.3] and performing row reduction of § coordinates, the resultant

matrix is ) )
Vit Yiz oo Yirn,
1['171 wg,? T wgﬂ“l-l-hz
et g e
i’;hz wi,§h2 e Z}C%+h2
L Y1 Vig o Vipith,l
Now, by Lemma it is the generator matrix of an MDS code if and only if ¥; is (hg + 1)-wise
independent over FF,,. U

Diagrammatic Representation of Erasure Patterns

In the next few constructions, to prove that it works, we list out all the erasure patterns and show that
each of them are correctible. To that end, it helps to visualise the erasure pattern itself. A typical code
will look like the one in figure [4.1]

Local Parities

Local Parities

Mid-level Parities

Local Parities

Local Parities

Mid-level Parities

Global Parities

Figure 4.1: Generic structure of Code

To display erasure, we will mark vertical lines to signify which coordinates have been erased. As
you will see in the following sections, § symbols in each local code will, in almost all of the cases, be
erased. Hence, for brevity’s sake, we will not be displaying them. It will be clear from the context when
the 6 symbols are erased or not. Instead, we will show the erasures associated with k1 and ho as the
variations in the erasure pattern are actually caused by their placements. An example of such is shown
in figure @2}

Here the solid line denotes the erasure associated with hy ”global” erasures, while the dotted line

shows the ones associated with hy “mid-level” erasures. The diagrammatic representation helps in
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Local Parities

Local Parities

Mid-level Pgities

Local Parities

Local Parities

Mid-level Parities

Global Parities

Figure 4.2: An example erasure pattern which indicates mid-level and global erasures.

identifying the structure of the submatrix of the parity check matrix which corresponds to the erasure
patterns. The structure of the submatrix is different for different erasure patterns and we argue that the

erasure pattern is correctible based on this structure.

4.3 Construction for h; = 1and hy =1

In this special case, we give a construction which requires a smaller field size. We use determinantal
identities to show that the matrix formed by the columns of the parity check matrix corresponding to the

erased positions are invertible and hence can be recovered.

Lemma 4.3.1. Let Cy,--- ,C}, be a X (a + 1) dimensional matrices and D1, -+ , Dy be h x (a + 1)

dimensional matrices over a field and let ng ) be the 3t row of D;. Then,

cilol--] o0 [ o Ch \ |
det ) -+ det )
0 [Cyl|--1]0 Dg ) D;L )
ah(h—1)
det : N T =(=1)" 2z det
0|0 ]|---|C C C
h det 2 <+ det };L
Dy | Dy |- | Dy L DE ) Di(z ) i
Proof: Proof directly follows as a result of Lemmas B.1 and B.2] O
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Theorem 4.3.2. The matrix H as shown below,

_HO - _MO -
Hy Moy
H= Hy =
Hy My
(H, Hy, ... H,| My My ... M,
ap Qg ... QOp,
2 2 2
of o5 !
of of ... ol
Hi - [Hi,l Hi’g c. Hi,tg]
H;, = [a‘{“ agﬂ afgl}

is a parity check matrix for an [k, 11,712, 1,1, 8] HL-MRC if the following conditions are satisfied:

* q is a prime power such that there exists a subgroup G of ¥y of size atleast ny and with atleast t3

cosets.
* ay,an,...an, € Gand oa; # aj.

* A1, A, ... Ay € Iy be elements from distinct cosets of G.

Proof: To show that the code is a [k, r1,72,1,1,6] HL-MRC, we consider erasure patterns where
there are  erasures per local code, one erasure per mid-level code and one more erasure anywhere in

the global code. We will show that any such erasure pattern is correctible.

Since, there is only one global erasure and it can be in one mid-level code, we consider that the
mid-level code which has additional global erasure has index [ and for all j # [, there are no global

erasures associated with these mid-level codes.
Correcting each mid-level code will, in the end, correct the original code.

We show how to correct each of these mid-level codes.

1. For all j** mid-level codes (j # [), the corresponding erasure pattern is shown in Figure Let
the mid-level code where the erasure occurs be j'.
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Local Parities

Mid-level Parities

Global Parities

Figure 4.3: Erasure pattern for Case 1

The submatrix B; of the parity-check matrix which is used to recover the erasures within the j th
mid-level code is given by,

i Y s s

052/ a2/ 052/ 042/

J1 J2 Js Js4+1
Bj = :

046/ aé/ Oé% 046/

J1 Jo Js Js+1

VIRV VIRV

where {j{, ... j§ 41} denote the 6 + 1 erased coordinates in the local group j'. We can clearly see

that this matrix is a Vandermonde matrix after scaling and permuting rows. Hence det(B;) # 0.

2. For the [ mid-level code, we will also involve the global parity. This case can again be divided

into two subcases depending on the local group where the extra erasure happens:

(a) Both the mid-level erasure and the global erasure occur in the same local code, I’ (figure
EAD.

The matrix formed will be,

(&% s oy ap oy
1 2 5 S+1 5+2
1 2 ) 6+1 5+2
B = )
of af .. of of o
1 2 5 5+1 5+2
Ay Ay Ay Ay Ay
l l l
o+1 o+1 6+1 6+1 o+1
Oél,+ Ckl,+ . Oél,+ Oél,+ Oél,+
L ‘1 2 ) 541 542



Local Parities

(Mid-level Parities

Global Parities

Figure 4.4: Erasure pattern for case 2.a

This is similar to above where B; after scaling and permuting the rows is also a vandermonde
matrix. Hence det(B;) # 0.

(b) The mid-level and global erasure occur in different local codes (figure @ Let those local
codes be !’ and I”. The matrix B,
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Local Parities

Local Parities

Mid-level Pgities

Global Pargies

det(Bl) =

Figure 4.5: Erasure pattern for case 2.b

det

det

det

det

Ay
o
5+1
of
5+1
Oéllll
2
v
%
5
(6%
v
)\l/ )\l//
S+l o+l
ot apf
S+1 S+1
Qy U1
ol o
1 5+1
1 541
Ao Ay
a Ui
oF  ...oad
1 5+1
ol af)
51 55+1
1 1
e o,

det

det




This means that if,

det(Bl) =0

Then,

det v Aur 0
€ 5+1 5+1 =Uu
[Ti5 ar 1L5 a

i

Where we factored out the non-zero Vandermonde determinants from each column. Since

ap, o € G and \pr, \p are in different cosets of G, the last determinant cannot be zero.

With this, we can say that the provided erasure code can corrects all possible erasure patterns. U

4.4 Construction for h; =2and hy =1

Similar to above, we can provide an optimal construction for an [k, 71, r2, 2, 1] code. We would again

require some determinantal identities prove the validity of our construction.

Lemma 4.4.1. Let Cy be an a X (a + 1) matrix, Co be an a x (a + 2) matrix, D1 be a 3 x (a + 1)

matrix and Dy be a 3 x (a + 2) matrix and let ng) be the j™" row of D;. Then,

Ci| 0 c Co c Cs
0| C :(—1)a-<det (11) - det Df) — det (12) - det Dél)
D D
D1 | Dy 1 Dé‘g’) 1 Dés)
C ©
+ det S det DY >

(3) 2

Dy @)

Dy

Lemma 4.4.2. Given C1 and C5 to be a X a+ 1 matrices and C5 to be an a X a+ 2 matrix. Also, D1 and

Dq are 4 x a + 1 matrices while D3 is a 4 X a + 2 matrix. It is also given that Dél), D§2), D§2) = [0].

39



Then,

cCi ] 0 0
00| 0 C C s
det 2 =(-1)°- (det (11) - det é) det | DY
| Dy | Dy | Dy | ’
c C s
+ det ! - det > - det D§2)
P D
! 2 (3)
D3
C c s
+ det ! - det > - det, DéQ)
p® P
1 2 (4)
DS
C C s
— det ! - det 2 -det, D:(,)z)
pW o
! 2 (3)
‘D3

Proof: Lemmas {.4.T|and [4.4.2] directly follow as a result of [20, Lemmas B.1 and B.2].

We also define a cauchy matrix here.

Lemma 4.4.3 (Cauchy Matrix [47]). Let a1, az,...,an,b1,b2, ..., b, € Fy be all distinct. Then,
[ 1 1 1]
al 7b1 a27b1 an*bl
o L | Tlisylai—ap)(bi=b)
det a1—bs as—bs an—bo _ i>G\ J 1 J
Hi,j (a; — aj)

1 1 1

La1—by ag—byp an—by |

Such a matrix is called an Cauchy Matrix. Every minor of a Cauchy matrix is also an Cauchy matrix.

Theorem 4.4.4. The matrix H as shown below,

Hy

Hy

Hy

Hy
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[ 1 1 1]
ar—P1 ax=P1 T any,—pB
1 1 1
My = ar—B2  ax—Pf2 77 any,—B2 M, = [ 1 1 1
. . . . ! a1—Bs11 az—Bsy1 17T any—PBs+1
1 1 1
La1—Bs a2—Bs 7 apny—PBsd
H; = Hi71 H@g A HmJ
Ast(i=1)ty  Ast(i=1)ty Ast(i=1)ty
Ho o — | > —Bs42 as—Pfsi2 7 ang—Bsi2
b8 Ksd-(i—1)to Kst(i—1)to Hsi(i—1)tg
a1—Bs+3 az—PBst3 77 any—PBs+3

is a parity check matrix for an [k,r1,r2,2, 1, 8] code if the following conditions are satisfied:
* qo > 2(n2 + 9) + 3 is a prime power.
* There exists a subgroup G of ¥y of size at least ny + 2 with atleast t1t3 cosets.
* I, is an extension field of Fy,.
* L1, ..., [t t, are picked from distinct cosets of G.

* Choose distinct $541, Bs42, Bs+3 € Fg,.

ai—Bsya i—Psi1
a;i—Bsy3’ a;—Ps13

* Pick a1, ... ap, € Fy, such that,

* Pick distinct 1, .., B35 € Fgo \ {eu, ..., oy, Bs+1, Bs+2, Bo+3}-

* A, A2, ..., Aty € Fy are picked 4 wise-independent over F .

Proof: Again as in previous proof, we consider the case when there are § erasures per mid-level code,
one erasure per mid-level code and two more global erasures anywhere in the code. We again look at

the erasure patterns within each mid-level codes. There are three distinct patterns possible
1. No global erasures occur in that mid-level code.
2. Either one or both of the global erasures occur in the mid-level code.

We that each of the above are correctible.

1

1. When no global erasures occur in the mid-level code, there are § erasures per local code and one

more erasure per mid-level code (figure 4.6)).
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Local Parities

Mid-level Parities

Global Parities

Figure 4.6: Erasure pattern for case 1

In this scenario, we involve the mid-level parities. Let [ be the affected mid-level code and I’ be
the local code within the mid-level code where the erasure occurs. The matrix, B;

Y1, V1,1 R W/
V2,1 Y20y e V20,
B - ) ) )
Vsl V8,1 R (N
R N o Y e (I
Where {l,05,...,15,,} are the erased coordinates in local code /. This is a Cauchy matrix and

hence det(B;) # 0.
2. When there are global erasures, there are § erasures per local code, one erasure per mid-level code
and two more erasures anywhere in the code
Here we have a lot more sub-cases.
(a) Both global erasures are in the same local code as the mid-level code. Let [ be the affected

mid-level code and I’ be the local code in the mid-level code where the erasure happens
(figure[d.7). The matrix B; in that case,

Y, ‘e AN/
B =
! Vo+1,1 e Yo+l
AV Yogo o A Va2l
e L N N N (E S N
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Locyl Parities

o
]

[Mid-Iqvel Parities

Glolfal Parities

Figure 4.7: Erasure pattern for case case 2.a

This is also a Cauchy matrix with the last two rows scaled to A\ and p;r respectively. Hence
det(B;) # 0 and this erasure pattern is correctible.

(b) Both global erasures are in the same local code but different one from the mid-level erasure
for that mid-level code (figure {.8).

Assume that the [*"* mid-level code is affected. Let I” be the local code with two erasures
while I’ be the other one within this mid-level code.

A S WA
Voun e Vsl
Y1, Ty,
Vs V81,
V51, Vo+1l5, Vo1, Vo+11Y
Al Vst AV Yogo,, N Yo,y A Vs,
LAY - V543,04 Har = Vo305, HU e Vo3, Hvr = Ys43,04, ]
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Local Parities

Local Parities

Mid-level Paitige

Global Pargies]

Figure 4.8: Erasure pattern for case 2.b

Expanding this via the lemma[§.4.1]

det(B;) = det

Y1,

V5.1,

Vo1,

— det

+ det

Y1,

Vs
Al Vs

Y1

Vs,
K - Vo431,

1,1

Vsl

Yo+l

6+1

- det
S+1 >\l"

M

6+1

V1,1

Vsl

641

A - Vo+2,05 4

6+1

Y,

V8.l

6+1

Hv o435,

44

V1,0

Vs
“ V2,1

T V53,0

- det

- det

Y1,

Vs,
Avr s Vo420
Hrr = Y543,

Y1,

Vs

Vo414

Ry Y5304

Y1,

Vsl
Vo+1,1y

Avr - Vs,

Iz
6+2

"
l5+2

642

Y%

Vs

642

Vo101,

Hur s Ys+3,08.

642

Y14

Y81y,

Vo+1ly,,

A Vs,




V1,14

det(Bl) =y g - det
Yo,

Vo1,

Y1,

— )\l’ﬂl” - det
76,1’1

V52,0

Y1,

+ Ay - det
Vo1,

V53,

Y,

Vs,

Y6+1,1%

5+1

’
5+1

6+1

6+1

Y1,

Vs,

6+1

Vo+2,05

6+1

Y1,

Vs,

5+1

Vo+3,05.

- det

- det

- det

V1,04

Vs,
V52,1

V543,14

Y1,

Vsl
Vo1,

Vs+3,1y

Y1,

Vsl
Vs+1,1/

V52,1

642

Y1,

Y51y,

Vo+2,0f

Vo434,

Y107

642

Y811

642

Vo101,

Vo+3,0%,,

642

Y107

Vs,

Vo101,

"
6+2

Vo217,

Each term in this determinant is A;u; multiplied by a Cauchy matrix € [Fy,. The determinant

is again a linear combination of A\;r and \;». Again, this determinant cannot be zero because

A’s are 4-wise independent.

(c) Both global and the one mid-level erasures are in different local code but the same mid-level

code (figure [d.9).
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Locyl Parities

Local Parities

Local Parities

Mid-level Parities

Global Parities

Figure 4.9: Erasure pattern for case 2.c

Let the affected mid-level code be [ and the local codes within, where the erasure occurs, be
1M1 and {®), The matrix B;,

1 e 1
T T,
1 e 1
RENI V500,
T T,
2 . 2
B - V51 Y502,
@ @),
Tsa® o V)
Torra o Vol Tor1® o Topa®), Torra® o Vo)
A Vg gD A ROTYO M@ Vyypi® e A Tsr2u®, M@ Vyyp® o A® ROV
L " Topga® oo F " Tgpg 0 @ Vg @ @ Yy gy@ 0 @ Vg3 e ) Vs 3®) |

det(B;) can be expanded via lemma After doing that and setting the determinant to

Zero,

det(Bl) = 0,
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(d)

we get,

;) @ i[5 (Bi—Bs+1)

det

det

Where,
. 10 (1) _

® GG

® €16

linear combination in the three \’s.

NIC) Hiel
A

)y -

Ao Tl
o g

(1) (@i—=Bs+1)

¢,1)dL;e5)(Bi—Bs+2)

€,(1) H.El(l)(ai—55+2)
'Shs

c,1)d] ;15 (Bi—Bs+3)

€,1) H'el(l) (i —Bs+3)
'Sls

1

;=511
a;—Bsy2
ai—Bs11
a;i—Bsy3

{l . 6+1 :
= H
* d=1Tfsg,.9e0(Br
=100,
Now, by the choice of a’s, [].

in GG, the last row in the above matrlx consists of distinct elements.
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€ (. And because p; belong to different cosets

This determinant is a

Hence the determinant is non-zero because the \’s are

Both global erasures are in different mid-level code but share that local code with the mid-
level parities for that mid-level code (figure [.10).
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Figure 4.10: Erasure pattern for case 2.d
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Assume k" and [*" mid-level codes are affected. The local codes within them, where the

erasure occurs, are k&’ and !’. The matrix By, ,
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det(Bk,l) = det

= det

= det

= det

det

det

Y1,k

Y5+1,k,

A Vst2.k,

| K" " V5+3,k)

Y1,k
VS+1,K,
Akt - Vor2.k,

V1,K,

Vo+1,k,

Pk - Y543,

.. Hie[5+1] (Bi—Bs+2)

Hiek/s (ai_B(H»Q)

. Hie[6+1](6i_56+3)

ient, (@i=Ps+3)

)\k/

ai—Ps5y2)

(
|k HiEk/s (ai—PBs+3)

QAN
Vo+1,k o
Y1, SRR W/
Vo+ray - VorLily,
AR Va2, A Vaw2ly e AV Yet2l,,
P = Vo3l , MU Y430y - HE T Ya43.05 |
Mk
Vo+1,kf o
e A WA _
Vo410 oo Vo105,
AW Vs, AV Va2l oo AV Yet2ul,,
Py = Vo3ky , MU Y4305 - HE T Ya43.05 |
AW Y1, e i,
det
Vo+1.k5 Yo+1.1 e Vo+1l5,,
AR V2,5, AV Vo2 e A Votay,,
Tk, Y1, e AR
det
Vo+1.kf, V41,1 e Yo+,
Hk!~ V5+3,k} L N Y N NI
A - [Ticis+1)(Bi—Bst2)
! HiGl' (ai_56+2)
s =0
.. Hi€[6+1] (5i_ﬂ6+3)
Hiel%(ai—ﬂam)
)\l/
0

(ai—Bs5+2)
wr Tier, Gimpsia)

48




Where kg = {ki,..., k5 o} and Iy = {I},...,15,,}. The terms ¢, d and e;) were

factored out from the above determinant where,

s qm =1

F>g,f,9€1% (ay —ag).

* d=[Ifsg pgeisr11(Br — Bg)-

*am = erzf;>,ge[5+1](af — Bg)-

By the choice of a;’s, [ ], ¢, % € G for x = ki, l'y. This yet again is a linear combi-

nation of two \’s. Hence this determinant is non-zero and the erasure pattern correctable.

(e) Each global erasure is in their own different local code and do not share with the mid-level
erasures (figure [@d.1T).
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Local Parities

Mid-level Parijes

Local Parities

Local Parities

Mid-level Paritig

o

Global Parities

Figure 4.11: Erasure pattern for case 2.e

There are four local groups where the erasure occurs, two in each mid-level code. Let the
affected mid-level codes be k£ and [ while the local codes within, where the erasure occurs,
be k(1) and k2 and I(V) and I(?) respectively. The matrix By,; is similar to lemmam
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To calculate the whole determinant, We consider the first element,
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Where,

o kY = (R R
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* d=1Itsg,1.9e06(Bs = By)-

* e = erkf;),ge[é](af — By).

Applying all this in the main determinant and setting,

det(BkJ) =0
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and factoring out the common multiples, we get
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Where similarly, 1§ = {1{",...,1{,}.

Now, since the \;’s are 4-wise independent over [, the first row is never zero. Similarly,
all the y1;’s are in different cosets of GG and by choice of a’s Hielg) e g::ig‘;:; € G. Hence
the last row isn’t zero either. Then this determinant resolves into a linear combination for 4
different values of \;s. Hence, by linear independence rules of ), this determinant is also

non-zero.

(f) In this case, one of the global erasure shares the local code with a mid-level code while the
other does not (figure 4.12)). Assume that the k* and [ mid-level codes are affected. Let
the local codes within, where the erasure occurs, be k(1) k(?) and 1Y), The matrix By,

Local Parities

Local Parities

Mid-level Parijes

| ocal Parities

Local Parities

Mid-level Parities

Global Parities

Figure 4.12: Erasure pattern for case 2.f
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Now, in this massive expansion, we can take \; and y; out of the determinants. What we will
find is that each term is A;x1; multiplied by the product of the determinant of three Cauchy

matrices. Each of those determinant € Fg,.

Hence the final determinant is actually the linear combination of three \; in Fy,. Hence
det(By,) # 0.
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Chapter 5

Conclusions

In the previous chapters, you saw what Hierarchical Codes are and how to construct such codes
with the MR property. In addition to that we proved some properties regarding hierarchical codes,
especially regarding local and data-local versions and conversion between them. We provided a general
construction for all parameter sets. That construction required a high field size. So we go on to provide
a slightly different construction for a restricted set of parameters using tensor product codes which
allowed for smaller field size. Since a lot of practically used erasure codes have a small number of
global parities, we provide alternate constructions for the codes that use even smaller fields still.

But research on Hierarchical Codes is far from over. There are a lot of open problems awaiting

attention.

* We still haven’t considered under what bounds our codes work in. It would be interesting to attain
some field size bounds on generic codes and see how well our constructions fare against them.

We would also be interested in having field specific bounds on the parameters we can have.

* Our work defined Hierarchical Codes and their MR versions only for two levels of locality. The
concept can be extended to a higher y-levels of locality. This will allow for a more fine grained

control over the increase in locality with the number of erasures.

* All our constructions focus on reducing the number of symbols accessed for repair. But we
haven’t looked into actually optimising the repair process itself. [22]] shows one way to optimise

repair. It would be great if those techniques can be adapted to our case as well.
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